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ARTICLE INFO ABSTRACT

Keywords: Due to its particulate nature, the mechanical properties of bulk clay are determined by

Multiscale interparticle forces and fabrics of particle assemblies. A thorough study of the connection

Constitutive model between properties across length scales is crucial to a fundamental understanding of the

gayt‘ it mechanisms behind the complex mechanical behavior of clays and clayey soils. This paper
asticity

demonstrates the development of a multiscale constitutive model for describing the small-strain
elastic properties of illite, based on the results of coarse-grained mesoscale molecular dynamic
simulations for monodisperse assemblies of illite primary particles. The formulation consists of
a homogenization scheme linking the potential energy of the system with an optimal parameter
set describing the mesoscale fabric of the particles, and a perturbation scheme describing the
change of the parameters in response to infinitesimal strains applied to the systems. The small
strain elastic stiffness tensors are calculated as the second-order derivative of the potential
energy with respect to the infinitesimal strain. The results from model prediction are validated
against the stiffness properties interpreted from numerical simulations as well as experimental
findings from prior research studies. The multiscale constitutive model is able to effectively
capture the elastic properties of illite in terms of magnitude and material symmetry purely
based on the information of interparticle forces and fabrics.

1. Introduction

The mechanical properties of clays are greatly affected by the surface chemistry and crystalline nature of their primary particles
and the microscopic structures of the particle assemblies (Mitchell and Soga, 2005), which limits the capabilities of soil models to
capture the underlying mechanisms. In order to develop more reliable predictions of clay behavior, a multiscale modeling framework
should be considered.

In general, there are two possible directions for multiscale modeling: top-down and bottom-up. Top-down approaches incorporate
multiphysical features into conventional (macroscopic continuum) soil model, through establishing thermo-hydro—chemo-mechanical
(THCM) coupled formulations. The models are developed either through incorporating empirical models in the conventional soil
parameters, or through thermodynamic analysis (e.g. Coussy, 2003, 2007) based on postulates originating from experimental
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observations at a lower length scale. Early attempts are exemplified by Gens and Alonso (1992) for unsaturated expansive clays.
Thermodynamically consistent formulations include (Hueckel, 1992; Heidug and Wong, 1996; Hueckel, 2005). However, obtaining
the parameters of these models requires complex experimental investigations, while the models themselves are usually based on
rather simplified postulates, such that the micro- and mesoscale mechanisms are not fully revealed.

Bottom-up approaches, on the other hand, proceed from simulations at lower length scales. Depending on the nature of the
materials, researchers may choose different types of bottom-up multiscale modeling schemes. Existing schemes are customarily
classified into two categories, sequential and concurrent methods (Gooneie et al., 2017; Horstemeyer, 2009). In sequential methods,
the information is transferred bottom-up through series of coarse-graining techniques, i.e., the information obtained through
simulation at a smaller length scale is condensed into a smaller set of parameters/variables and used in the simulation at a larger
length scale. These methods are more suitable for systems where phenomena at different length scales are weakly coupled. The core
of these methods is to select the appropriate coarse-graining methods that save computational cost and optimize the transferal of
essential information. Concurrent methods typically group only some units through coarse-graining so that the resulting systems
contain constituting units with different length scales. These methods are suitable for systems where the collective behavior is
dominated by interactions between constituents across different length scales. The difficulty therefore lies in the interface and
interaction between elements of different length scales.

In the field of porous media, there are multiple types of materials exhibiting multiscale features. In the bottom up study of
granular materials, there have been extensive research efforts to develop the appropriate micromechanical definitions of the common
macroscopic quantities, including stress, strain, shear strength, etc, which corresponds to a homogenization approach. The definitions
can vary and may not be consistent among researchers. Notable prior studies include (Bagi, 2006; Christoffersen et al., 1981; Kruyt
and Rothenburg, 2004; Zhu and Yu, 2002; Chen, 2019; Nejadsadeghi and Misra, 2020), that provide theoretical support for coupled
simulation methods, in the form of discretized extended formulations of the continuum mechanical theories, enabling the transferal
of information from simulation at a lower length scale to be used in macroscale simulations. The actual realization of the formulation
varies, as exemplified in the studies including (Andrade et al., 2011; Karapiperis et al., 2021; Mital and Andrade, 2022). One of the
major purposes behind these studies is to introduce the internal length scales and mechanisms related to the special properties of
granular material such as the formation of shear bands and particle segregation in granular flow. The internal length scales were
traditionally introduced in continuum models in the form of strain-gradient theories (e.g., Kuhn, 2005; Placidi et al., 2021). There
are also models capturing microscopic mechanisms through mathematical devices representing slip systems (Gu et al., 2001), and
friction-inertial relations (Baumgarten and Kamrin, 2019; Kamrin, 2017, 2018).

In the case of clay materials, sedimentation and consolidation certainly involve large deformations while swelling behavior of
some clay minerals due to hydration of particles (i.e., crystalline swelling) is not readily described at the continuum level. Therefore
powerful constitutive models are crucial to engineering design practice. Microscopically, the most commonly-occurring clay minerals
comprise thin plate-shaped monoclinic crystals with thickness ~1 nm and diameter/thickness of 10 to 10*:1 (Mitchell and Soga,
2005). Research studies have been carried out investigating the mean interactions between primary particles during hydration
process (Carrier, 2014; Ebrahimi et al., 2012, 2014; Brochard et al., 2012, 2017; Brochard, 2021; Honorio et al., 2017; Holmboe
et al., 2012; Zhu et al., 2022, 2025), based on which interpretations of the elastic properties have also been provided and compared
to experimental results. Ebrahimi et al. (2014) developed a multiscale simulation scheme that involves coarse-graining technique
from nanoscale to mesoscale simulations, which forms the basis of this research study. Recently, Asadi et al. (2022) have proposed
a novel mesoscale force field that can simulate the hysteretic behavior during hydration—dehydration process. While nano- and
mesoscale simulations greatly improve our understanding of the microstructures and properties of clay materials, there are as yet
no multiscale constitutive models for clays based on this information. The behaviors are more commonly simulated with heuristic
models in current engineering practice.

Here, we adopt a sequential modeling scheme based on the simulation methods proposed by Ebrahimi et al. (2014) involving
studies at three length scales: nano-, meso- and macroscales. At nanoscale, the interactions between illite and smectite primary
particles were studied using a free energy perturbation method (Zhu et al., 2022). The information was used to fit a coarse-grained
force field in the form of a Gay-Berne potential (Everaers and Ejtehadi, 2003; Gay and Berne, 1981), which was used in mesoscale
molecular dynamics simulations to study the mechanical properties (hydrostatic compression and small-strain shear behaviors) of
an assemblies of particles in relation to the fabrics of the particles (Zhu et al., 2025). The results were used to generate a set of
parameters to characterize the particle assemblies. This paper presents the establishment of a constitutive model describing the
elastic properties of clay minerals based on the observations of mesoscale simulations through theoretical derivations building on
the interparticle forces and fabric information. Section 2 briefly reviews the background modeling at the nano and mesoscale which
forms the basis of the model developed in this work. It also summarizes the parameters used in the derivation of the model including
the parameters describing the mesoscale fabric of the clay particle assemblies, and the parameters in the interaction model between
pairs of particles. Section 3 presents the derivation and validation of the constitutive model, including the homogenization scheme
and the perturbation scheme respectively. Section 4 summarizes the findings and discuss about possible further development of the
work.

The multiscale constitutive model is able to effectively capture the elastic properties of illite in terms of magnitude and material
symmetry purely based on the information of interparticle forces and fabrics. It forms the basis of further development of a multiscale
elasto-plastic model. The application scenarios go beyond the systems presented in the paper and the methodology has broader
significance in the opening up a new upscaling approach for geomaterials and engineering materials in general.
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Fig. 1. Configuration for the free energy perturbation at the nanoscale for the potential of mean force interactions between the illite nanoparticles.

2. Prior works and model parameters
2.1. Summary of prior works at nano- and meso-scales

In prior works by the Authors (Zhu et al., 2022, 2025), nanoscale fully atomistic free energy perturbation calculations were
carried out to study the interactions between primary 2:1 clay particles, which were then used to fit for the parameters in coarse-
grained Gay-Berne force field applied in mesoscale simulations to study the aggregation and mechanical behaviors of assemblies of
1000 primary particles (represented as rigid ellipsoids) in hydrostatic compression (at four pressure levels, 1, 5, 25, and 125 atm)
and small-strain shear loading conditions (Zhu et al., 2025). These modeling efforts have generated two key outcomes:

- Establishment of a set of quantitative measures to effectively describe the fabrics/mesostructures of the mesoscale assemblies
of primary particles;
+ Quantitative calculation of these parameters for equilibrated systems under various loading conditions.

This section briefly review the simulation setup and key results that are most relevant to the development of the constitutive model.

At the nanoscale, we initially simulate the face-to-face and edge-to-edge interactions (Fig. 1) between pairs of illite particles
through full atomistic simulations (Zhu et al., 2022). Illite is a key type of 2:1 clay mineral, of which the particles are formed from
an octahedral alumina layer between two tetrahedral silicate layers combined through sharing oxygen atoms. The nanoparticles
are negatively charged due to isomorphous substitutions where some Al and Si atoms are replaced by Mg and Al atoms. In the
atomistic simulations, the particles were represented as assemblies of atoms parallel to each other, mediated by water molecules
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Fig. 2. Potential of mean force interactions for a illite particles in face-to-face and edge-to-edge configurations. The data are represented by dots and dashed
lines, and fitting results using Gay-Berne potential are shown as solid lines. Red lines represent fitting using data for open systems and black closed systems in

the face-to-face configurations.

and counterions (K*). For the face-to-face interactions we also simulated two cases: (1) closed systems (infinite platelets) where these
is no migration of counterions to or from the interlayer space; and (2) open systems where counterions ions are able to migrate.
The mean interactions between particles are not simply the pairwise summation of interatomic potentials, but are determined by
the presence of water molecules and counterions in the interlayer space. We applied a free energy perturbation method to obtain the
information. In this method, the particles were set to a series of fixed separations for relaxation, and the separation between particles
were perturbed to larger and smaller separation to obtain the free energy differences due to the perturbation of separation through
ensemble average of the potential energy difference brought about by the perturbation, through the following relations (Zwanzig,

1954; Chipot and Pohorille, 2017):

(exp (AU (i — i+ 1))); o
(exp (=AU (i + 1 = i)y
where kp = 1.38065 x 1023 J/K is the Boltzmann’s constant, f = 1/(kgT), T is the absolute temperature, and {-) is the ensemble
average.

The resulting potential of mean force (PMF) curves are summarized in Fig. 2 for illite in the face-to-face and edge-to-edge
configurations. The face-to-face PMFs were scaled by area and edge-to-edge by side length from the size simulated at nanoscale to
represent particles with in-plane diameter of 100 nm. Both open and closed systems shown a general trend with near-field repulsive
and far-field attractive interactions, together with oscillatory features corresponding to the formation of structured water layers.

AG(i - i+ 1) =kgTln
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The PMF curves were used to fit for a coarse-grained force field representing the interaction between rigid ellipsoids in the form of
Gay-Berne (GB) potential (Everaers and Ejtehadi, 2003; Gay and Berne, 1981), which is a function depending on the center-of-mass
distance and relative orientation of the particles containing three multiplicative terms:

Ugp = upynx 2

where y; ; is the Lennard-Jones (LJ) kernel, and n and y are shape and orientation-related terms. The fitting result is shown as solid
lines in Fig. 2. The GB potential is not able to capture the oscillatory features, but as a first approximation, the general trend, the
position and depth of the potential wells are well represented.

The most widespread formulation is for general dissimilar ellipsoids of arbitrary dimensions. The functional form of the
multiplicative terms (Everaers and Ejtehadi, 2003; Gay and Berne, 1981) are as given by Egs. (A.2) in Appendix A. The orientations
for ellipsoidal particles with arbitrary shape are best represented by quaternions. In our case, the mesoscale clay particles are
represented as axisymmetric ellipsoids, with in-plane diameter 2a = 1006 A and thickness 2c = 9.8 A, and that the relative potential
well depths in the principal directions also satisfy ¢, = ¢,. The orientation can be well represented by the unit normals (n;,n,).
Appendix A presents the reformulation of the model in terms of unit normals of the particles. The final form is given by:

uLJ=4€-(r—;+a)l2_(r—g+0'>6] \

; -2
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(€))

Qu
Il
[\
Q

1- wf(nl -ny)?

(a2 + c2)? P 21-1/2
= =11- . 5
n \/4a2c2 @ i P [1-wim; - ny)?| (5)
[ oyl 0% + (- 1y)?] + 2020, - n)(E - n))E -0y ]
x=¢ |1+ ©

1- a)g(nl -n,)?

where £ =r/||r|| is the unit vector of the relative radial vector between their centers of mass, parameters w, and w, are functions
of the given parameters:

T @
T2+ “2 = €. + /€,

In the mesoscale simulations (Zhu et al., 2025), we use the force field fitted for the PMF data for open systems. Since face-to-face
interaction is expected to dominate the aggregation behavior of the mesoscale particle assemblies, stronger interaction potential from
the open system simulations is chosen to better manifest the physics. Ion and water exclusion was found in open systems, due to
the connectedness of the interlayer and free space, which is closer to the mesoscale particles.

Hydrostatic compression was carried out for 10 dilute assemblies of 1000 particles randomly oriented in the initial configurations,
from 0 to 1, 5, 25, and 125 atm. Unloading and reloading were also carried following the sequence of 25, 5, 1, 5, 25, and 125 atm.
A typical equilibrated configuration after the compression is shown in Fig. 3. The particles are observed to form well-aligned stacks.
The geometric structures of the particle assemblies were analyzed in terms of various parameters covered in the following sections.
The typical results are also discussed together with their definitions.

For hydrostatically equilibrated systems, we also carried out strain-controlled 1D compression and shear simulations in the form
of small strain increments applied as affine transformation of the simulated systems. The systems were then subjected to isothermal
simulations to relax the stress. The stress increment after the relaxation is recorded as a response of the system to the applied strain
increment. Through this process the stress—strain response of the systems were obtained, as exemplified by the typical result shown
in Fig. 4. The initial 3 points of each stress—strain curves were previously used (Zhu, 2023; Zhu et al., 2025) to infer the small-strain
stiffness of the systems. The reason for choosing the initial 3 points was that the particle stacking was found unchanged before and
after the application of strains at this level. We assume the process is reversible since the mesostructure is not changed. From these
prior works, we observe features in great resemblance to real clay behaviors:

@

» The assemblies start to exhibit inelastic deformation and hysteretic behavior at a low strain level of less than 0.1%.

« Elastic stiffness of the assemblies obtained from the stress—strain curves show trends similar to experimental data in terms of
its dependence upon the confining pressure (Fig. 11-b).

+ The elastic stiffness tensors of the assemblies exhibit orthotropic symmetry (Zhu et al., 2025; Zhu, 2023).

More details of the discussions related to the mesoscale simulations in comparison to real clay behaviors can be found in the prior
works of the authors (Zhu et al., 2025; Zhu, 2023). In the current paper, the model results are primarily compared with the simulation
data. The data are presented together with the development and discussions of the constitutive model in later sections.

2.2. Model parameters
2.2.1. Intrinsic interaction parameters

In the mesoscale simulations the particles are represented as axisymmetric rigid ellipsoids interacting through the Gay-Berne
potential. The parameters involved in the derivation of the model include the lengths of the semiaxes, a and c; the relative potential
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Fig. 4. Quasi-static stress—strain response for system 1 equilibrated at 1 atm subjected to strain increments in the 11 direction (Zhu et al., 2025).

well depth in the principal directions ¢, and ¢.; and the van der Waals radius ¢ in the distance related term (u;). Since these
parameters are intrinsic to the interparticle interactions and were obtained through nanoscale simulations (Zhu et al., 2022), they
are treated as constants in the development of the model. The values are as summarized in the legend of Fig. 2.

2.2.2. Intra-stack parameters

A typical equilibrated configuration of the mesoscale systems is shown in Fig. 3. The plate-like particles are observed to form
well-aligned groups along their central axis, which are referred to as stacks. Stacks then form end-to-end secondary structures,
subsequently termed stack groups. Each assembly consists of relatively randomly oriented stack groups.

We develop a quantitative analyses of the equilibrated particle assembly by defining a stack in terms of the center-of-mass
distance and angles between the unit normals of the adjacent particles, following Ebrahimi et al. (2014). Any pair of particles
defined by radial vectors and unit normals (r;,n;) and (r,,n,) that belong to a same stack either satisfy:
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Table 1
Parameters describing the mesostructures and constants for the pair potential appearing in the theoretical model.

Symbol Significance ~U,

Intra-stack

h Perpendicular alignment of particles inside a stack averaged over all intra-stack pairs of all stacks. U,,Uy
5 In-plane alignment of particles inside a stack averaged over all intra-stack pairs of all stacks U,

Inter-stack

Yis Hie» O Parameters of the components of interstack pair correlation function g(r), k =1,2,3,4 Uy,
Global

Pstack Number density of stacks All
m Average stack size All
F Fabric tensor describing the preferred orientation of all particles in the system U,,
Intrinsic

a, ¢ In-plane radius and half thickness of the mesoscale ellipsoidal particles All
€45 € Relative potential well depth in the edge-to-edge and face-to-face configurations All
c Van der Waals radius and shift in the LJ term of GB potential All

Notes: the constants here correspond to the PMF of illite open systems (Zhu et al., 2022, 2025), with which the mesoscale was
carried out. The values are a = 503.0A, ¢ = 494, €, =370, ¢, =2357.0, 6 =9.8 A. The coefficient ¢ in the GB potential is set
to 1kcal/mol for convenience. The third column indicates the parts of potential energy of which the formulation uses a certain
parameter.

1. Distance criterion:
Ir, -1, < 13.75A
2. Angle criterion:

[n; -my| >0.95

or through transitivity, i.e.

3. If particles i and j belong to the same stack, and particles j and k belong to the same stack, then particles i and k belong to
the same stack.

The geometries of the particles within stacks are relatively well defined, so that in capturing the structures of the equilibrated
mesoscale systems, we divide the structural properties into global, intra- and inter-stack properties, as defined in the following
subsections and summarized in Table 1.

For each stack, the face-to-face distance and overlapping area are the two major factors affecting the potential energy between
particle pairs within stacks. Since the particles are very well aligned within each stack (as shown in Fig. 3), we define perpendicular
and in-plane alignment parameters 4 and §. They are defined with respect to a reference direction described by the average of the
projection tensors of unit normals of the particles in a stack, i.e. N = (3, n; ® n;)/m(w), where w is the set of particles in a certain
stack and m(w) is the size of the stack. The quantities 4 and é are defined as the average projection of relative radial vectors in the
stacks with respect to N:

1 1 ’
h_mz INAr;; ., 5—m2|(1—N)ri| ®)

i,jEw i€Ew

h and 6 were stable for stacks of different sizes.

The tensor N is not a projection tensor anymore. Strictly speaking, we need to find the principal direction n* of the deviatoric
part of N and redefine the projection tensor as n* ® n*, but since the particles are relatively well aligned as shown in Fig. 3, and as
will be shown quantitatively in Fig. 5. The tensors, N and n* ® n*, are approximately the same.

Fig. 5 shows the analysis for a typical configuration equilibrated at 5 atm. The level of § is much lower than 4 and the dimensions
of the particles, which means that the particles within a stack are very well aligned along their axis of symmetry. Based on this
observation, we assume 4 and 6 are constants for each equilibrated configuration.

2.2.3. Inter-stack parameters

In Fig. 3, the stacks are observed to form higher-order structures, which we call stack groups, where adjacent stacks are interlocked
in an edge-to-edge position. The entire assembly can be viewed as a collection of stack groups. Due to presence of these structures,
the stack pairs can be classified into categories. This is quantitatively reflected in the decomposition of inter-stack pair correlation
functions g(r), that are defined by a distribution function of the center-of-mass distance of stack pairs with respect to the volume
element of r2dr, such that:

47[pstackg(r)r2dr = sttack (9)
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where dN, is the number of stacks in the region between r and r + dr, and p, is the number density of stacks of the entire
system, ie. Pstack = Nstack/V

Fig. 6 shows the inter-stack pair correlation function (pcf) for the equilibrated configuration. We use four weighted lognormal
components to fit these results:

p

P lor — 1,2
a(r) = ng(r) _ Z }’k2 exp [_( nr— ji) ] 10)
7

2
k=1 k=1 roy, 20

where y, are the weight and {o,, u; } the lognormal parameters of the components.

The decomposition reflects four types of stack pairs, observed in Fig. 3. They are shown schematically in Fig. 7 for clarity. Type
1 corresponds to two parallel stacks that are interlocked to the same third stack so that they are separated by more than one 4 and
therefore not counted as a single stack. The characteristic center-of-mass distance is 7, = 20~30 A. Type 2 correspond to stack pairs at
the brims of two stack groups. The two stacks are closer at one end and at a small angle with respect to each other. The characteristic
length is 7, = 100~200 A. Type 3 are stacks that are interlocked end-to-end in a stack group, so that 7; = 800~900 A. Type 4 include
the rest of the stack pairs, that are farther apart, with a characteristic distance 7, > 2a ~ 1000 A. The relative orientation between the
stack pairs of type 4 is represented by the fabric tensor, as derived analytically in Section 3.1. The final choice of four components
is based on observational approach of detailed examination of all equilibrated configurations. The parameter set {y,, /4,(,0,(}2=1 is
the major descriptor of the inter-stack properties of the assemblies.
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2.2.4. Global parameters

Apart from the inter- and intra-stack properties, there are a few other properties that describe the assembly as a whole. The
packing density of the system is jointly described by the number density of the stacks py,  and the average stack size m. The
overall orientation of the particles is described with fabric tensor, defined as, the average of the projection tensors of the unit
normals of all particles:

N,

particle

n®n; (€8))

—_

F= <n R n> -
Nparticle i=1
which is conveniently a real symmetric tensor that allows spectral decomposition:

3

F= 21,-u,—®u,— 12)

i=1

It also has a unit trace so that:

trF=24+A+43=1 (13)

3. Model formulation

The information contained in the parameter set

A= {h.8. (Vs M Ok V- Pstack 7. T} (14)

presented in the previous subsections characterizes the mesoscale structure of an equilibrated particle assembly. To develop a
constitutive elastic model of the assemblies, it is crucial to find the functional relation between the potential energy of the system,
the parameter set A and small/recoverable strain (in terms of deformation gradient F), i.e. U(A,F). The elastic stiffness tensor can
then be calculated as a second order derivative of the specific potential energy to the infinitesimal strain tensor E = (F + FT)/2:

1 0*U
C=——_ 15
V 0EJE (15)

Therefore, the formulation is divided into the following two parts:

1. Homogenization: ‘static’ relation between the potential energy of a system and the parameter set, i.e. U(A)
2. Perturbation: relation describing the elastic change of the parameter set A under a small affine transformation defined by
deformation gradient F, i.e. Ap(A,F)

The two parts of the formulation give rise to the final form of U(A,F).
3.1. Homogenization scheme

In the following formulation, the potential energy of the system is divided into intra- and inter-stack parts based on the discussion
in previous sections, i.e.,
U=U, +U, (16)

Uy =Uy + Uy + Uy + Uy a7
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3.1.1. Intra-stack potential energy, U,

Stacks of particles are highly aligned unit inside an assembly. The intra-stack potential energy is therefore mainly due to the
face-to-face potential energy within adjacent pairs of particles in a stack. The parallel alignment § was found to be small compared
with the in-plane dimension of the particles (6/a < 1 : 500). An averaged level of face-to-face overlapping area among them can
be approximated through:

A(8) = 24* arccos % —8v/a? - (5/2)? s

3
:2a2<%—2i>—ﬁa+o (é>]zﬂ'a2—260 (19)
a a

For a stack with m particles, there are m—1 pairs of particles that are separated by /—1 particles. However, many of the associated
terms therewith are negligible. We have found that the distance between the direct neighbors correspond to the minimum of the
term uyj, so that r,, =2c + (\6/5 — 1)o. For pairs separated by / —1=0,1,2,3,4 --- particles, we have:

B 12 6
qufJ(rm) =4e (i> - <i> =—€ (20)
L rm rm
r 12 67 7
f o o 27 —1 €
) =de (=) -(Z) |=- ~— 21
iy (2rm) = de <2rm> <2rm> 2“7 7305 (21
12 6]
£f _ o (o __2><36—1 €
s Grm) = 4 (3rm> <3rm> T (22)
12 6 13
£f c o 210 —1 €
4r,) =4 — - — =N —— 2
iy drm) = de <4rm> <4rm> 24 ¥ 7048 (23

where 6 = 9.8 A, e = 1 kcal/mol are the intrinsic parameters related to the distance related term in the GB potential.

Egs. (20)-(23) indicate that the face-to-face potential energy associated with pairs separated by 3 particles is more than 3 orders
of magnitude smaller than the contribution of the directly adjacent pairs. In this model, we only consider up to pairs separated by
two particles. Besides, as a first approximation, all stacks are considered to have the average stack size m. The intra-stack potential
energy for the entire system would be:

U, = Ny [(7 = Dulf(h) + (7 — 2)ulf 2R + (7 — 3)ulf B3n)ny A)/(wa?) 24
a +c? _ o\12 AN 26
~ deecpyaa Y ©5 - (1,034 — 1.070) [(%) - (ﬁ) ] (1 - E) (25)

where a = 503A,c = 49A are the GB parameters describing the semiaxes of the particles, m is the average stack size, » and § are
the intrastack alignment. # and y are the orientation and shape dependent terms in the GB potential.

3.1.2. Inter-stack potential energy

The inter-stack potential energy is controlled by the relative positions between the stacks, which is approximately described
by the inter-stack pair correlation function g(r). It is also related to the preferred orientations, as described by the fabric tensor
F = (n®n). Based on the discussions in the previous sections, we divide the inter-stack energy further into four parts, according to
the type of stack pairs in consideration (as shown in Fig. 7), as given in Eq. (16).

Each part of the potential energy can be calculated in the following general form:

o
Uy =27p% , V Nyir /0 Ugg(r.ny,ny)g;(nridr, i =1,2,3,4 (26)

where N, is the averaged number of pairs of particles involved in the inter-stack interaction between each pair of stacks. Since
the geometric relation for each type of stack pair is known, the integration can be further specialized according to the different
representative inter-stack configurations for each part. In fact the three multiplicative parts of the Gay-Berne potential u; ;, #, and x
(as described in the Appendix A), which are dependent upon r,n,, n, for the interacting particle pairs, can be reduced to a function
of r = ||r|| alone, so that the integration can be analytically evaluated. For a typical interacting pairs for two stacks in consideration,
the LJ term of the Gay-Berne potential is always close to its minimum (—e = —1 kcal/mol) in equilibrated configurations for the U,,,
U,,, and U,3, so that in the corresponding derivations, we assume u;; = —¢.

3.1.2.1. Uy, and U,,. The relative configuration of this pair of particles is as shown in Fig. 7. The term Ugg(r,n;,n,) can then
be written as a function of r alone, thus enable analytical form for the integration. The formulation is a result of the following
assumptions:

1. The effective range of r for U,, and U,, is less than the in-plane radius a of the particles, so that the terms # and y can be
approximated by simple rational functions.

2. Ny = i? pairs of particles contribute to this part of the potential energy.

3. The LJ term of the GB potential is close to —1 in equilibrium for U,, and U,,.

10
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The relative configuration of a representative pair of particles (as shown in Fig. 8) can be solely determined by the center-of-mass
distance r between the interacting particles, which is approximately equal to the center-of-mass distance between the interacting

stacks:
. . a / r2 r?
r-ny=f-n,=cos==14/1——, n;-n,=cosa=1-— — 27
! 2 2 4q2 ! 2 2a2 27)
Putting this result into Eq. (3), the GB parameters # and y can be given as functions of r alone (for r < 2a):
L\ 27712
1=[1-0t (1-%) (28)
1 2a?
)
wy r2
= 1+ - 29
X ec[ 1—w2202] (29)

We have 5(r = 0) = (a® + ¢2)/2ac and n(r = 2a) = 1. Similarly, y(r = 0) = ¢, and y(r = 2a) = ¢,. For r 2 2a, the stack pairs can no
longer be considered belonging to this configuration. To further simplify the functions for evaluation of the integration, we can use
simple rational functions as an approximation. In this case:

M ~ A2

i=m+— A=t (30)
re+ Vi rc+ Vy
If we evaluate the key values at r = 0,a,2a for , y and r = 0, a, o for 4, 7, we have:
Lr [n [ |
Mmax = (a2 + CZ)/2ac m+ ’72/‘/17
a_ | fimg = -7 /972 m+m/@+v)
2a Mmin = 1
oo m
~ (31)
Lr [« | 2 |
0 Xmax = €c Il+12/v,y
=
a Xmid = €¢ [1 +w,/(2(1 — a)z))] xn+ ;(2/(a2 +v,)
2a | Xmin = €q
&) X1
If we equate the quantities in each row, we can solve out the values for the parameters in the approximate functions:
Tmid—Tmin
M1 = Mmin m = Vn(r’max - nmin) Vn = maz (32)
X1 = Xmin | X2 = V)((/Ymax — Xmin) Ve = %az
The integration in Eq. (26) can be transformed into (for i = 1 or 2):
/ Ugp(r,ny, my)g,(r)rdr = / usnx g (ryrtdr x — / e fgi(r)rdr (33)
0 0 0
© C, c
= —/ el mxy + 2—” + £ g,-(r)rzdr 34)
0 re+ Y r-+ Vy
where
X2
=t ——— (35)
Vy =V
X2
=Mt ——— (36)
Vn = Vy

The integration above contain integrations in the form of:

[S) 2 _ 2
L= / 1 L <_(lnr 2M) > dr 37)
0 o\ 2zrrtv 20

corresponding to the first type of integral in Appendix B, which can be approximately evaluated as Eq. (B.16). With this relation,
the final form of these two parts of the potential energy is given by (i = 1,2):

Uy = —2rep? Vrhzy,.

stack

2u; — Iny, 2p; —Inv,

L +c, L
\/1+7EO".2/2 \/1+7ro'l.2/2

where L(x) = 1/(1 + exp (—x)) is the logistic function and all the other coefficients are given above.

nxexp (2u; + 20'1.2) +c,L (38)

11
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a &~ 2arcsin ( —
2a

Fig. 8. Schematic representation of a representative pair of particles involved in inter-stack interaction components U,, and U,,.

3.1.2.2. U,;. The third group comprise pairs of stacks that are approximately parallel and inter-laced, as shown in Figs. 7 and 9.
Based on these observations, the derivation for this part is based on the following assumptions:

1. Representative particle pair is parallel with perpendicular alignment of h/2 and parallel alignment of 73 = (r),, =
exp (;43 + 50'%/2)
2. A stack contains m particles, yielding N, = 2/ — 1 of representative pairs

Consequently, the dot products in Eq. (3) are:

n -n, =1, |f'~n1|=|f‘2~n2|zi (39)
3
so that:
2, .2
_a+c (40)
2ac
2
€ — € 2
7= 1+ \/_c \/—ah_ (41)
2
2\/Ea 27‘3
o 12 . 6
Fah/)=de | ————) - (—F 2
“a(ra. h/2) = de [<F3—&(F3,h/2)+6) <f3—6'(73,h/2)+0'> ] “2)
, 712
s h/)=2a |14 21 43)
1 - 27

The resulting formulation is then given by:

Uy, = 220% V2~ Dugy(Fy. h/2) / nxgy(rdr

2
2

_ @ +c
dack ¥ 73€a(2m — 1)exp (2;43 + 20’%) Tac
2
€. — \/€, 2
1+ \/_—”—2 sy h/2) (44)
2\fe, 27

3.1.2.3. Uy,. The fourth part describes stack pairs that are far from each other and randomly oriented with respect to each other.
The GB term in the integration cannot be simply reduced to univariate functions as in the cases of U,;, U,,, and U,;. However, the
average orientation of particles at each point is described by the fabric tensor, so that the preferred orientation can be treated as
a superposed state of three proportions of particles pointing at directions defined by the eigenvectors of the tensor. Referring to
the discussion on the fabric tensor above, its property of symmetry and unit trace allows a spectral decomposition F = Y A,u; ® u;,
where {u, }?=1 forms an orthonormal basis and ), 4; = 1. With this notion, the derivation can be based on the following assumptions:

1.

27p:

Each stack contains m particles, and therefore Np,;, = n?

Each material point in space carries a superposed state of three portions of particles. The directions are defined by the
eigenvectors {u; }?:] of the fabric tensor, with corresponding proportions defined by the eigenvalues 4.
. The characteristic length 7, is greater than the dimension of the particles.

12
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- I h/2

Fig. 9. Schematic representation of the configuration of particle pairs involved in inter-stack interaction component U,;.

Assumption 2 indicates that the GB potential term in the integration contains a summation of 9 terms:
Y 4A;Ugg(u;,u;, 1) (45)
i.j

Assumption 3 allows an approximation of the LJ term of the GB potential:

ws=ae](9)7 - (2)] (46)

Other multiplicative components related to the shape and orientation of the particles can be simplified by the orthonormality of
{u; }?=1 . For a pair of particles with radial vector r (= ri) and unit normals u; and u;

_ (@ +¢2)? _ (a® +¢%)? _ 1 47)
= 4a2¢? + (a? — 2)2(1 - 8:7) "V (@422 - (a2 c2)26,-j V- a)%&ij
2
@y (F - 1) + (F - u,)?) + 2026, (F - w,)(# - u;)
r=¢, |1+ 2 ! 2 d (48)
1 - w35

where o = (a? - ¢?)/(a® + ) and w, = (1/&, = \/€,)/(\/ec + \/€,)-

The resulting formulation of this part of the potential energy is:

Uy, = meeyp?, Vit S"(S! + s1) (49)

stack

where the terms S”, S!l, and S are given by:

S" = dy,[c"%exp (—10u, + 50:72) — oPexp (—4uy + SGZ)] (50)
2 2
= (24 124 28 *¢ 2,10
Sl= @+ B+ (14 54+ 54%) 63
Si=(/11/12+/12/13+/13/1,)<1+§B+%Bz) (52)

where A = 2w,/(1 — @) = (/e — \/e)/ /e, and B = 0, = (1/e, — \[e)/(\/e. + \[ea)-

3.1.3. Evaluation

Fig. 10 compares the mean values of the intra-stack, inter-stack and total potential energies for hydrostatic compression of 10
particle assemblies (1) directly from the numerical simulations and (2) based on the proposed model. The theoretical model is in
very good agreement with the intra-stack potential energy but overestimates the inter-stack potential energy (in terms of absolute
value). However the magnitude of the interstack potential energy is small (roughly 1/10) compared to the intra-stack energy so that
the relative error in total potential energy is within 10%.

Following this model, the calculated components of the potential energy averaged over the 10 systems at 1 atm are U, =
-8.81 x 107, U, = —6.24 x 10°, U,; = —1.66 x 105, U,, = —8.05 x 10*, U,; = —4.50 x 10%, and U,, = 4.22 x 1073 kcal/mol. The
division is similar at other confining pressures, highlighting that most of the potential energy associated with the stacks themselves
(intra-stack PE). This is due to the difference in order of magnitude between the face-to-face and edge-to-edge interactions. The
intra-stack potential energy is dominated by face-to-face interactions and the stack structures dominates the local geometry of the
assemblies. The inter-stack potential energy is roughly one tenth of the intra-stack energy. Within the inter-stack energy, types 1
and 3 contribute the most. The contribution from type 2 is of lesser importance and from type 4 negligible.

As is shown in Fig. 10, potential energy shows near linear dependence with the logarithm of confining pressure. In the mesoscale
simulation paper by the Authors (Zhu et al., 2025) a linear dependence between void ratio and logarithm of confining pressure was
found, where de ~ —2.72241gp. The two results indicate a linear dependence between the potential energy and the void ratio.
Qualitatively, we obtain the following result:

U~25x10%—-11%x10%~3.1p7! — 1.1 x 10% (53)

where p := N/V is the number density of the particles (unit: ;\_3, and that N = 1000), reflecting the packing density of the system,
so that the potential energy density is related through:

U 31 11x108 s 3
=2 o2 X %105, +3.1% 10 54
77 Vv rt ey
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Fig. 10. Comparison of the evolution of potential energy between simulation results and theoretical predictions.
Notes: main plot shows the intrastack and total potential energy and the inset interstack. All data points represent results averaged over 10 systems.

That is to say that the energy density varies linearly with the packing density within the simulated range of confining pressures.
3.2. Perturbation scheme

We assume elastic deformation to be an infinitesimal affine transformation. In order to evaluate the change of potential energy
due to such transformations, we need to recapitulate on some of the rules of transformation for material fibers and unit normals
that can be found in continuum mechanics texts, e.g. Gurtin et al. (2010) and Liu (2002):

Affine transformation can be defined with respect to a fixed point O in space as:
x=FX-0)+0 (55)

where F is a constant tensor not dependent upon X. For two material points X and Y, the deformed fiber is related to the undeformed
through:

x-y=FX-Y) (56)
Infinitesimally, dx = FdX, i.e. F is the deformation gradient common to all points in space.
For two undeformed infinitesimal fibers defining a surface, dX and dY, the unit normal associated with them is:
ng = —dX x dY (57)
ar
where ag = [dX x dY].!
For the deformed area, the unit normal is:
n= ldxxdy: Lpax x Fay = Lpeofax x dy = IR peof (58)
a a a a

where F' = JF~T (J = detF being the Jacobian of deformation gradient) is the cofactor of the deformation gradient F. The

transformed unit normal is then given by:
F"n
n= R (59)
[F~Tng|

In summary, F maps the tangent vectors and F~' maps the normal vectors.

1 Here, x denotes the cross product, so that axb =g jka;b;e;, where ¢, is the Levi-Civita symbol.
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With the help of relations given in Egs. (56) and (59), we can deduce the change brought about to the parameter set by an affine
transformation corresponding to the deformation gradient F. The elastic constants can then be derived directly from Eq. (15).

The influence of deformation on the parameters depends on the particle orientation and the relative positions between particles.
Here we compute the perturbed potential energy, by considering the proportion and orientation given by the spectral decomposition
of the original fabric tensor (Eq. (11)). In the discussion in this section, the quantities and parameters in the unperturbed
configuration are attached with a subscript of ‘R’. For convenience, here we point out the convention for index / € {1,2,3}, and
indices (/,p,q) € {(1,2,3),(2,3,1),(3,1,2)}

3.2.1. Number density and stack size distribution

Since the average distance between stacks is much larger than the distance between particles within a stack, we assume an
infinitesimal transformation does not change the grouping of particles, and therefore does not change the stack size distribution and
the total number of stacks. However, the number density will be changed with the change in volume. This is characterized by:

dv = Jdog (60)
so that,
)
Pstack F) = SmTCkR (61)

where J = detF.

3.2.2. Stack alignment
Considering a pair of particles in any stack, the vector connecting the centers of mass of them is rp, and the averaged unit

normal of the stack is ng. The original perpendicular stack alignment is Ay = |(ng ® ng)rg| = |ng - rg| and in-plane alignment
is 6g = |(1 — ng ® nyx)rg|. Under the influence of an affine transformation F, the vectors are transformed as r(F) = Fry and
n(F) = F-"ng /|[F~"ng|. The perpendicular and in-plane stack alignments for the deformed system are:
Fng -F FTF Tny - h
h(F) = [F~ ng - Frg| _ | ng-rrl _ Mg 62)
[F-Tng| [F-Tng| [F~Tng|

S(F) = Vr? — h? = 1/ (Frg)? -

Considering the spectral decomposition of unperturbed fabric tensor F = )’ 4,u; ® u;, the intra-stack particle pairs having different
orientations are affected differently by each perturbation. Considering a pair of particles with vertical distance Ay, parallel offset
6g and common unit normal u; (€ {u, }?: ), the relative position of the pair of particle is uniquely determined. If we further specify
the orientation of the parallel component of the radial vector between the centers of mass of the particles, (1 —u; ® u,)ry through
specifying the Eulerian angle of intrinsic rotation y € [0, 2x).

63
|F-Tn|2 ©3)

R = hpu; + Sp(cosyu, + sinyu,), (64

Then the average perturbed stack alignments for proportion in direction u; are:

hR
hy(F) = 65
) = e (65)
1 2r ]1]21
§(F) = 1| = Frp)? - —— [d 66
1) = | 5 /0 (Fry = s | v (66)
52
=22 (P2 = —— ) + E(Fu, |2 + [Fu,?) (67)
VRO ETe) 2 ’

3.2.3. Inter-stack pair correlation function

In the formulation above, the inter-stack potential energy and pair correlation function are divided into four parts corresponding
to the four types of stack pairs (Fig. 7). The first and the third parts deals with almost codirectional stacks. The second part deals
with stacks at a relatively small angle. The fourth part deals with stacks that are randomly oriented relative to each other.

As a first approximation, we apply the perturbation as if the particles are in the same direction for the first three parts, and
assume that the perturbation act on the average center-of-mass distance. For the first part, the perturbed distance between two
stacks in direction u, can be estimated with a relation similar to Eq. (65):

Fir P (uig +507,/2)
[F-Tu| |F-Tu,|

71 (F) = = exp (p;(F) + 56, (F)*/2) (68)
Since we are considering a small perturbation, the number of pairs of stacks is considered unchanged, such that:

A7 ptackR Nistack / EIR(DFAr = 47p o (F) Nyguox /gl(r)rzdr (69)

Jexp (2p1g +207% /2) = exp (2 (F) + 20, (F)?/2) (70)
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together with Eq. (68), we then have the transformation rule for x4, and o,:

1 _
uy(F) =g + §1U(|F Tuy|2) (71)
1
oy (F) = \/ng - §ln (IF=Tu|2J) (72)
Similarly for the second part:
1 _
#21(F) = piog + 31n (IF~ T, 27) (73)
1
65(F) = \/a§R - g1n (IF=Tw|2J) 74
For the third part, 7; and h are similarly transformed:
hg
h(F) = 75
1 [F-Tu,| 7
iy Pk
3 (F) = T|F“1|2 + 7(|F“p|2 + [Fu,|?) (76)

The transform of g, can be simplified into the transform of its argument r, due to its independence on orientation. For a set of
vectors starting from one point with the same length r, the transformed vectors are in the form rFt, if we assume the unit vector is
t. We can calculate the root-mean-square length of the deformed vectors through the following integration:

» [ IrgFtg|? sin0dode

2= 77
[ sin6d6de @7)
;
= / Fty - Fty sin 0d0dg (78)
.
== / ty - Cty sin 0d0de (79)

The variables 6§ € [0, 7) and ¢ € [0,2r) are the polar and azimuthal angles of the unit vector tg; C = FTF is the right Cauchy-Green
tensor. The unit vector can be given in terms of angles as ty = [sin 6 cos ¢, sin 8 sin ¢, cos 8], with respect to the orthonormal basis
that defines the spherical coordinates. The integration in Eq. (77) can be calculated:

2

2= ?R tr C (80)
so that,
1 1
r(F)=rR\/§ trC=rR\/§F :F (81)
The change in the inter-stack pair correlation function can be established through. :
2 ry\ 2 2
Az | gap(rp)rgdrg =4x [ gup <F> Fdf =4r [ gy(r)r-dr (82)
where I' = \/(F : F)/3. Here F : F = F,;F,; is the inner product of the tensors, which is equal to the square of the norm of F,
i.e. F : F = |F|%. On the other hand, the right Cauchy-Green tensor is defined as C = FTF, so that tr C = C;; = FJFJ, =F,;F;=F:F.
The transformation rule for g(r) would be:
1 r
a0 = e (F) (83)
which, when reduced to the parameters of g,, becomes:
Y.
7a(F) = "5, 1) = g + 1T, 04(F) = o4 ®4)

3.3. Summary of elastic properties of mesoscale particle assembly

Compiling the results from the preceding sections we can now summarize the expressions for potential energy of the particle
assembly; U(A,F) = U;(A,F) + Uy (A F) + Uy (A F) + Uy (A F) + Uy (A F):
3

- 2 2
a +c
Ul (4, F) = 24/11660 Nstack 2
=1 ac

s \7 e \° L2600
(hm) _<h1<F>> <_ ra >

U2i(A’ F) = _2”€pstack (F)Nstack

(1.034m — 1.070)
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3
2p;;(F) — Iny,

Z vi |maexp (2;4,»,(F) + 26[1(F)2) +c,L A —
i=1 V1+ 7o, (F)?/2

2u;;(F) — Inv

pe, o (2 |

V1+ 7o, (F)?2/2
U23(A’ F)= _2”pstack (F)NstackY3€a(2’ﬁ - 1)3XP (zﬂ’i + 20’%)
23‘4(1 L Ve~ Ve @

I=1 2\fe, 27y (F)?
Uny(AF) = 26€,pek F)Nygous1° S"F)(S T + 54)

a? +¢?
2ac

2
> up (7 (F), h(F)/2)

where the terms S"(F) is given by:
S"(F) = 4y,(F)[c"%exp (1044 (F) + 5004(F)?) — c%exp (—4p4(F) + 85,(F)*)] (85)

In principle, we are able to derive the analytical formulation of the components of the elasticity tensor through taking the derivative
of the potential energy function U(A, F) with respect to the strain tensor E = (F+FT —1)/2. The analytical formulation however will
be unnecessarily complicated to implement. Therefore in the actual calculation, the energy change can be numerically calculated
corresponding to changes in different strain components. For example, in order to calculate C,,,, we start with infinitesimal strains:

e 0 0 0 €/2 0 e €2 0
EW=10 0 o[, E®=[¢g2 0 o0of,EM"?P=|eg/2 0 o0 (86)
0 0 O 0 0 0 0 0 0
and calculate the corresponding small-deformation approximate deformation gradient associated with it:
I+ 0 O 1 e/2 0 I+ €/2 0
FID= 0 1 o|,FP=|eg2 1 of, FI'2=]¢gn2 1 0 (87)
0 0 1 0 0 1 0 0 1

From these deformation gradients, the perturbed parameter set can be calculated and the perturbed potential energy can be
estimated, denoted UV, U2, and U112, If the potential energy of the unperturbed system is denoted U, the elasticity tensor
component C|,;, can be approximated as:

1 (U(mz) _yt»  pyan_ U(o>>

— = L _ gy _gan 4 goy (88)

v
In general, if the perturbed strain magnitude in any mode is ¢, we have:

C =
1112 € €

Cyu = #www _yi) _ g 4 o) (89)

1,

3.3.1. Evaluation

With the potential energy known as a function of the mesostructure parameters, we can obtain the perturbed values of the
parameters and calculate the potential energy changes as a result, from which the stiffness constants can be estimated with finite
difference following the procedures provided in Section 3.2. Despite the overestimation of inter-stack potential energy described
in Section 3.1.3, the model provides a reasonably good estimation of the elastic stiffness of the model. Table 2 summarizes the
quantitative differences between the analytical and numerical stiffness results of the particle assemblies, in terms of the relative

error between the orthotropically symmetrized version of the stiffness tensors. Here the relative errors are defined as:
sz _ 14— Bl
== (90)
4 I BI|

where ||-|| is the Euclidean norm, i.e., ||A|| = /A : A. The orthotropically symmetrized tensor C'™" has the following components
in relation to the original tensor C:

. tho _
corth = ¢,
. ortho _
Citho = (Cyyyj + Cii) /2
. tho _ . .
Ci(;'rij 0 — Cijij (i #j)

« All other terms are zero.

The theoretical model shows a low level of deviation from orthotropic symmetry (S:}‘:‘Or‘h°). The relative error between the
orthotropically symmetrized stiffness tensors from the numerical simulation and the analytical model estimation exhibit a deviation
of around 12 to 30%. This however most likely due to the fact that the stack pair types we assumed in the model do not cover all
pairs with a great accuracy, and that the model based on affine transformation that is applied to all particles may be too restrictive
and can cause deviation from the real cases.

In order to provide a clearer perspective on the general trend of the elastic stiffness level with the confining pressure, we have
used the following scalar measures:
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Table 2

Relative error between the simulation results and theory prediction.
Pressure [Pa] bsim-orth Sth-orth Syim—orth
1 0.0168 0.0552 0.2041
5 0.0785 0.1136 0.2263
25 0.1582 0.0231 0.1192
125 0.2272 0.0456 0.3023

Notes: the relative error is defined as 6% = ”‘A‘;ﬁ” , where || -] is the euclidean norm. The abbreviations

are: sim = simulation, th = theory, orth = orthotropically symmetrized.

1. C; =(Cyq1 +Com +C333)/3 and C; = (Cjy25 + Canzz + Csz11 + Coopy + Ca30 + Cj133)/6 as average measures of the normal stress
change in response to the normal strain. C, is equivalent to an averaged value of the constrained moduli;
2. G =(Cjy12 + Ci313 + Cp3p3)/3 as the average shear stiffness;

3. E = (ST, + Sy + Si333)/3 as the average Young’s modulus.

where S = C~! is the compliance tensor. Fig. 11-a compares the numerically computed stiffness measures C;, C,, G, and E with
results of the proposed analytical model estimate. The theoretical estimation accurately simulates the general trend of the typical
measures in response to the confining pressure, especially in the cases of average constrained modulus C, and shear modulus G.

We have also carried out a preliminary comparison of the simulation results with existing (macroscopic/continuum level)
experimental data, as shown in Fig. 11-b. Discrepancies are anticipated between the two sets of data. The experimental works
are based on lab tests on reconstituted (BBC) and in-situ tests on two natural clays (Fucino and Izumo) that contain a wide range
of particle sizes (silt and sands > 40%), and therefore can result in micro-structures at larger length scales, while the mesoscale
numerical simulations are dealing with idealized systems comprising monodisperse illite particles. As a first order comparison, the
results of mesoscale simulations were found to be at the same order of magnitude and follows similar power-law relations as the
real data.

4. Discussion and conclusions

This paper presented the establishment of a multiscale constitutive model for the small-strain elastic properties of assemblies of
clay primary particles based on an analytical interpretation of mesoscale simulations (based on the computed interparticle forces
and fabrics). The derivation of the model is based on the information provided by simulations at smaller length scales, and contains
two parts: the homogenization schemes establishes the linkage between the mesostructure parameters and the potential energy of
the system; and the perturbation scheme establishes the change of mesostructure parameters in response to small strains applied to
the assemblies. The elastic stiffness of the systems, as a consequence, is calculated numerically as the second-order derivative of the
potential energy with respect to the strain tensor.

In the evaluation of the model against the simulation results, we have found that the homogenization scheme of the model
can capture accurately the intrastack potential energy but tends to underestimate the interstack potential energy. Elastic stiffness
properties from the proposed perturbation scheme are within 12%-30% of those computed directly from numerical simulations. The
analytical model also achieves very reasonable predictions of variations in stiffness with the level of confining stress. The overall
trend in response to the variation of the confining pressure is very well captured. This is likely due to two factors:

» The division of potential energy according to the four representative types of stack pairs is not able to cover all stack pairs.
» The application of affine perturbations to every individual particle is not able to capture the real mechanism of elastic
deformation.

However, as a first approximation, the model serves as a good starting point for further development.

In fact, the establishment of the multiscale model demonstrated the feasibility of building up macroscale/bulk properties of
materials using a purely bottom-up approach, and fundamentally reflects the fact that the bulk properties of a material is solely
determined by the interactions between the constituent units and the arrangement of these units. Although the model is established
based on simulation of pure illite with similar setup as the numerical simulations, it can be applied to the study of real clay as well.
The methodology also has the potential in the application to study multiscale features of engineering materials in general.

The proposed model has the potential of being developed into an elasto-plastic model through a combination of the current
bottom-up approach and the top-down method through Coleman-Noll procedure (Coleman and Noll, 1963), analyzing the
thermodynamics of the system using mesoscale structure parameters as internal variables. Specifically, the limitations in the current
research that can be potentially developed and improved in future research include:

+ Coarse-grained force field can incorporated hydration interaction and flexibility of particles;

- Explicit representation of water molecules in mesoscale simulation can be incorporated so as to study the drainage process in
soils;

+ Large deformation simulations can be carried out to study the change of mesostructure associated with plastic and failure
behavior;

+ The current model can be simplified through screening out the factors with negligible contributions.
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Fig. 11. Comparison between the evolution of stiffness measures of (a) simulation results and theoretical estimation; (b) simulation results and real data.
Notes: All data points from the mesoscale simulations of this research study represent results averaged over 10 systems. In subfigure (b), bracketed value following
the name of the stiffness measures are the exponent of power-law fits, following the relation ¥ = A¢", where Y is the measure (C, G, etc.), ¢ is the stress
measure and A, m are the fitting parameters. Simulated data use the mean stress p’. Experimental data represent 1D compression so that the vertical confining
stress o] is used, except E-BBC-2 where the stress measure was converted to mean stress p’ by the author. The data are obtained from the following papers:
G-Fucino and G-Izumo (Shibuya et al., 1997); E-BBC-1 (Santagata et al., 2007); E-BBC-2 (Santagata et al., 2005).
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The upscaling methodology of this paper also has the potential of application in modeling other physical and chemical properties
of materials in a broader context, and in the modeling of materials in other engineering disciplines.
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Appendix A. Formulation of Gay-Berne potential for monodisperse axisymmetric particles

The current mesoscale analyses represent fundamental clay particles as single-site axisymmetric, ellipsoidal bodies using the
Gay-Berne potential (Gay and Berne, 1981; Everaers and Ejtehadi, 2003). It is therefore possible to derive a simplified form of
the Gay-Berne potential that describes the orientation of particles through unit normal vectors instead of rotation matrices or
quaternions, enabling easier evaluation of the integration in the formulation. The derived form of the GB potential follows the
earliest version derived by Gay and Berne (1981). This appendix gives another derivation in modern notations.

The most prevalent version of Gay-Berne potential contains three multiplicative components (Everaers and Ejtehadi, 2003):

Ugp = uynx (A1)
where the components are calculated as:
12 6
—4 o _ o A2
“u 6[(r—6'+(7) (r—6'+0'>] (A.2)
1
5o (litgp) T po T
o-(er r) ,r—lrl (A.3)
G=A[STA; +AJSIA,, S, = diag(a;, by, c;), i = 1,2 (a4
2518 .
n= V det(G)’ s; = (a;b; + Cic,-)\/ﬁ,l =12 (A-5)
7 = Q"B )? (A.6)

2 -1/2 -1/2
12 1/

B=ATE A, +AlEA,, E, = diag(e},*. ;% e./)), i= 1,2 (A7)

where r is the center-of-mass distance, A; and A, are the rotation matrices, S; and E; are the shape and energy matrices defining the
shape of the ellipsoids and the relative depth of the potential wells. For clay particles in our simulations, the in-plane dimensions
are the same, i.e. a; = b;, hence the shape matrix and the energy matrix are simplified as:

S = diag(a,a,¢), E = diag(egl/z, 6;1/2, €;1/2) (A.8)

In the derivation of the simplified form of G and B, we start with the general additive term N = ATMA, where M = diag(, a, #) and
A is the rotation matrix that transform from lab frame to local frame. Using the usual convention of Euler angles, where (¢, 0, v)
are the precession, nutation and intrinsic rotation angles (Fig. A.12), we have the components of the rotation matrix:

cos y cos ¢p — cos 0 sin ¢ siny cos y sin ¢ + cos 6 cos ¢ siny sin y sin 0
A =|—sinycos¢—cosfsingcosy —sinysing+cosfcos¢pcosy cosy sind (A.9)
sin 0 sin ¢ —sin @ cos ¢ cos 6

In the software LAMMPS, however, the orientation of the particles are represented by the quaternions. Quaternions are 3D
generalization of the complex number. Unit quaternions are in one-to-one correspondence with rotation tensors. Each unit quaternion
is composed of a vector in 3D space representing the rotation axis and a real number indicating the rotation angle, i.e.

q= w+xi+yj+zk=cosg+sin %(uxi+uyj+uzk) (A.10)
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Fig. A.12. Schematic diagram of the zxz-convention of the Euler angles.
Notes: in the diagram, the global coordinate is represented by XY Z and local xyz, the translational displacement of the frame is omitted for clarity.

where 6 is the rotation angle, and (uy, Uy, uz) the components of the unit vector of the rotation axis (with ui + ui + u? = 1). For a
generic vector p = (p,, p,. p,), which is in one-to-one correspondence with a quaternion p = p,i+p,j+ p.k, the resulting vector after
the rotation is calculated through a conjugation operation p’ = qpq~', where q~! = w — xi — uj — zk is the conjugate quaternion of q.
In the product, the components are calculated following the rules i = j> = k> = -l andi-j=k = —j-i, j-k=i=—k-j, k-i=j= —i-k.
The corresponding rotation tensor R (such that p’ = Rp) can then be given by R = v® v+ w?1+2wv x +(vx)?, where v = xi+ yj + zk,
and vx is the skew tensor corresponding to the vector v. The components of the tensor vx is given by (vX);; = €;,;v,, where ¢ is the
Levi-Civita symbol, so that when applying the tensor to a generic vector n, we have the relation (vx)n = v X n. In many texts, the
vector v is called the axial vector of the tensor vX, so that for a general skew tensor 2 = X, its axial vector has the components
w; = %ep,-quq. However in many other works, especially in the mathematics society (where axial vector is denoted (2)), there is
a sign convention difference, i.e. (2); = %e,- pq%2pq- This definition has a convenient property in connection with the wedge product
aAb=a®b—b®a of two vectors a and b: ax b = (a Ab). The tensor A mentioned above is the inverse (or equivalently the
transpose) of tensor R. For the purpose of derivation here, we will stick to the Euler angle formulation given in Eq. (A.9). Following

that, the components of N could thus be calculated:
a—(a—p) sin® 0 sin? ¢ (a—p) sin? 0 singpcos¢p —(a — f)sinf cos O sin ¢
N= a—(a—p)sin®Ocos>¢p  (a— B)sinfcosfcos (A.11)
Sym o —(a — p)cos? o
The components of the unit normal along the symmetric axis (assumed to be along the z-axis in local frame) is given by n =
[sin @ sin ¢, — sin O cos ¢, cos 0] in the global coordinate system, which gives rise to a direct notation form of N:

N=al-(¢a—f)n®n (A.12)

Supposing the unit normals for the two interacting particles are n; and n,, and that the shape and energy matrices are the same
for all particles (mono-dispersed system), we can specialize the form of G and B through Eq. (A.12). In the case of G, we have
M = §? = diag(a?, a%, ¢?), so that:

G =2d*1-(@* = A, ®n; +n, @ ny) (A.13)
Similarly, M = E = diag(e, '/*,e;"/*,e;"/*) implies:
B=2¢,""1-(e;'"* -~ ¢,/ ®n, +n, @ ny) (A.14)

As expected, all these terms are only dependent on the unit normals instead of the rotation matrices. The form is in essence simplified
through eliminating the angle of intrinsic rotation y.

Both tensors G and B share a common form, represented as P = N;+N, = 2al—(a—f)(n; ®n;+n,®n,). The GB formulation involves
the calculation of the determinant of G and the inverse of B. The former can be derived with respect to a certain right-handed
orthonormal basis {e; }le :
Pe, - (Pe, X Pe;)

e - (e X €3)

detP = = Pe, - (Pe, x Pey) = 8a°f + 2a(a — f)*|n; x ny|? (A.15)
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Actually any right-handed set of independent vectors can be used. Here we use orthonormal basis for simplicity.

In the derivation of the inverse of P, summation convention is not assumed. Since P is a symmetric tensor, its inverse must
also be symmetric. Therefore, together with the symmetry between n; and n,, we assume its inverse to be the most general form
P! = yl+v(n; ®n; +n, ®n,) + A(n; @ n, +n, ® n,), which indicates:

PP~ = 1=2aul +[2av—(u+v+ An; -my)(a—p)I(n; ®n; +n, @ny) +

[2aA —(vn; -ny + A)(@ — f)I(n; ®ny, +n, @ ny) (A.16)
so that,
-1
" =2 (A.17)
2_ @
@ b (A.18)

v :2a[(a + B)? — (a = p)*(n; - ny)?]
(a = 2(m; - my)

= (A.19)
2af(a + f)? — (@ — f)*(n; - ny)?]
with the help of these results, we can simplify 6,7 and y in the formulation given by Eq. (A.2).
. . R R -1/2
o[ - n))? + (- 0y)2] + 202, - ny)(E - n))(E - ny)
G=2a |14+ — " e (A.20)
1 — wi(n - ny)?
(a2 + c2)? ) 21-1/2
= =[1- . A.21
! \/4a2c2 @ i xmE i ] (421
2
@, [(F - 1)) + (@ - 1y)2] + 202, - n,)(E - n))(E - ny)
r=e, |1+ —! z 2 - (A.22)
1 —w3i(n; - ny)?
where
22
W] = m (A23)
€, — €
— \/_‘ \/_“ (A.24)

a)z—

This result could be easily extended to dissimilar axisymmetric ellipsoidal particles. If the two particles have different S and E
matrices:

S, =diag(a;, ay, ¢;), S, = diag(a,, a,, ¢;) (A.25)

-2 12 -172 (A.26)

12 -1/2 .
/,e /),E2=d1::1g(e(22 € €, )

cl

E, = diag(c] ¢,

al

the forms for G and B remain the same if we use @ = ,/(a%+a§)/2 and ¢ = \/(c% +c§)/2 in place of a and ¢, and é;l/z =
(€a_ll/ “+ e;; 12y /2 and &, 172 = (ec_ll 24 ec_zl/ 2)/ 2 in the place of 6‘;1/ % and € 172 respectively. These changes can also propagate into the

simplified forms of & and y, but for 5 as follows:

y = (a% + clz)(ag + cg)alaz _ (a? + clz)(ag + c%)alaz
4a4¢? + a2(a% — ¢2)2|n; X my |2 4a4¢2 + a2(a% — ¢2)2[1 — (ny - my)?]

(A.27)

Appendix B. Integration relations associated with lognormal functions

In the derivation of the potential energy (Section 3.1), the integration of the product of a rational function and a lognormal
function is frequently used. This Appendix presents the derivation for the following two integrations:

5] 2 _ 2
I = / 1 d exp <_(lnx #) ) dx (B.1)
0 ovorx X>ta 202
© 2
L= / L 2exp <——(lnx #) >dx (B.2)
0 o\ 2xx 202
The integrals revert to normal distribution forms through the change of variable 7 = Inx (x € [0, ), so that t € (—0, 00)):
o G2
I, = / N (t; u, 0)dt (B.3)
e € +a
(s
I, = / XN (t; p, 0)dt (B.4)
—00

22



H. Zhu et al. Journal of the Mechanics and Physics of Solids 200 (2025) 106140

where 4 (t; u, o) is the normal distribution pdf with variable ¢, mean u and standard deviation o, i.e.:

2
Nt u,0) = 1 exp (— @ l;) > (B.5)
o\ 2 20

Integration 1 With another change of variable ¢ = 21 — Ina, I, can be transformed in to the integration of the product of a unit
logistic function and a normal distribution:

|
I| = [00 m,/‘/(q, 2/4 - lna, 20’)dq (B6)

For easier integration, the logistic function can be approximated by an normal cdf function (through setting their derivative at x =0
to be the same):

1 \/gx . _ 4
L(x) = Trown ~ /m N (A;0,1)dA = <\/;x> (B.7)

The integration of the product of ¥ and .#” can then be obtained as follows:

Y (x) N (x;m,s)dx = / = |[1+erf| — N (x;m, s)dx (B.8)
/—oo o 2 [ ( V2 >]

= % + g /°° erf(x')JV(x’;m/\/i 5)dx’ (B.9)
=1 + ﬁﬁerf( m/\/i ) 1 (B.10)
272 1) irv) svon

Il
=

| —

—

+

[¢]

=

=X
—

m/y2 >] (B.11)
Vits?

=qv< n 2> (B.12)
V1i+s
so that,

/°° L(x). /¥ (x; u,o)dx ” L4 <\/§x> N (x; p,0)dx

= T(ﬂ>zL(L> (B.13)
V1+7c2/8 V1+7c2/8

The first integration can therefore be evaluated with the help of the above relations:

Q

I :/ L(q)-/ (¢;2p — Ina, 26)dq (B.14)

pp 2ezna (B.15)
V1+zc2/2
-1
2u —Ina
= [l+exp| ——— (B.16)
[ < V1+7“72/2>]

Integration 2 is actually simpler as the multiplication of exp (2¢) to the normal distribution causes merely a shift of the mean
value:

I, = / 2 N (t; u, o)dt (B.17)
= / Nt +20%, 0)exp (2u + 207 dt (B.18)
=exp (21 +20?) (B.19)

Data availability

Data will be made available on request.
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